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I M I

otivation

m Impulsive systems are an important class of hybrid systems that can be used to represent
switched and sampled-data systems [GST12]

m Linear positive impulsive systems have received less attention but some results exist
[ZWXG14, Bril7]

m A particularity is that linear copositive Lyapunov functions V (z) = ATz, X > 0 can be
used to analyze them

m These results pave the way for the design of interval observers for impulsive systems
[DER16]

m Interval observers are observers aiming to estimate upper and lower bounds on the state
of a given system [GRHO0]

m This talk is devoted to the design of such observers for linear impulsive systems and
switched systems
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I Linear impulsive systems I

We consider here systems of the form

dtr+71) = AMz(ts+ 1)+ Be(m)we(ty + 1), T € (0,Ty]
a(ty) = Ja(tp) + Eqwq(k), k €N 1)
z(to) = xo,t0=0

where
[ x(tz) = limg 4, 2(s), kEN
m Timer variable 7 measures the time elapsed since the last impulse/jump

m The sequence of impulse times {tk}_keN is assumed to satisfy a minimum dwell-time
constraint; i.e. Ty := 141 —tx > T for all k € Nog
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I Linear impulsive systems I

We consider here systems of the form

(it +7) = A(m)z(tg +7) + Ec(T)we(ty +7), 7 € (0, Tk]
a(tf) = Jz(ty) + Eqwa(k), k €N (1)
z(to) = o,to =0

where
[ x(t;) = limg 4, 2(s), kEN
m Timer variable 7 measures the time elapsed since the last impulse/jump

m The sequence of impulse times {tk}_keN is assumed to satisfy a minimum dwell-time
constraint; i.e. Ty := 141 —tx > T for all k € Nog

Proposition

The following statements are equivalent:

(a) The system (1) is state positive, i.e. for any xg > 0, we(t) > 0 and wq(k) > 0, we
have that xz(t) > 0 for all t > 0.

(b) The matrix-valued function A(7) is Metzler for all T > 0, the matrix-valued function
E.(7) is nonnegative for all T > 0 and the matrices J, E; are nonnegative.
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I Stability under minimum dwell-time T I

Theorem ([Bril7])
Let us consider the system (1) with we =0, wg =0, A(t) = A(T) forall T > T >0,
where T' > 0 is given, and assume that it is state positive. Then, the following statements
are equivalent:
(a) There exists a vector A € RZ ) such that
MAT) <0 and AT (®(T)J —1,,) <0 (2)
hold where

B(s) = A(s)®(s), ®(0) = In,s € [0,T].
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I Stability under minimum dwell-time T I
Theorem ([Bril7])
Let us consider the system (1) with we =0, wqg =0, A(T) = A(T) for all 7> T > 0,

where T > 0 is given, and assume that it is state positive. Then, the following statements
are equivalent:

(a) There exists a vector A € RZ ) such that
MAT) <0 and AT (®(T)J —1In) <0 (2)

hold where . _
D(s) = A(s)®(s), ®(0) = In,s € [0,T]. (3)

(b) There exist a differentiable vector-valued ¢ : [0, T] — R™, ¢(T) > 0, and a scalar & > 0
such that the conditions

. CDTAT) < 0
—¢(M)T+¢(nTA(T) < 0 (4)
(DTT=¢O)T +e1T < 0

hold for all T € [0,T].

Moreover, when one of the above statements holds, _then the positive impulsive system (1)
is asymptotically stable under minimum dwell-time T'.
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e —

he system

We consider here systems of the form

:c(t) = Al?(t) + Ecwc(t), t Q {tk}kEN
o(tf) = Jz(ty) + Eqwa(k), k €N
ye(t) = Cex(t) + Fewe(t), t & {tk}ren (5)
ya(k) = Cqx(te) + Fawa(k), k€N
z(tg) = xo, to=0

where

mx,x0 € R”, we € RPe, wy € RPd, y. € R and yg € R4 are the state of the system, the
initial condition, the continuous-time exogenous input, the discrete-time exogenous input,
the continuous-time measured output and the discrete-time measured output, respectively.

m The sequence of impulse instants {tx }ren is assumed to satisfy the same properties as for
the system (1).

® The input signals are all assumed to be bounded functions and that some bounds are
known; i.e. we have wg (t) < we(t) < wg (t) and wy (k) <wg(k) < w;r(k) forallt >0
and k > 0 and for some known w. (t),w:r(t),w;(k),w;(k).
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e —

he interval observer

We consider the following simple interval observer

() = Az*() + Ecw(t) + Le(1)(ye(t) — Cea®(t) — Fewg (1))
a*(t)) = Jr*(te) + Bqw§(t) + La(ya(k) — Caz® (ty) — Fawl(t)) (6)
x.(to) = $6, to=0

where @ € {—,+}

m The observer with the superscript “+"/“—~" is meant to estimate an
upper-bound/lower-bound; i.e. 27 () < z(t) < 2T (t) for all ¢ > 0 provided that
zg <ap < xOJr, we () < we(t) < wér(t) and wy (k) < wq(k) < w:{(k)
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e —

he interval observer

We consider the following simple interval observer

() = Az®(t) + Ecwg(t) + Le(t)(ye(t) — Cea® (1) — Fewl (1))
() = Jz*(ty) + Eqw§(t) + La(ya(k) — Caz®(ty) — Faw§(t)) (6)
x (to) = $(.), to=0

where @ € {—,+}

m The observer with the superscript “+"/“—~" is meant to estimate an

upper-bound/lower-bound; i.e. x_(t) <az(t) <azt(t) forallt >0 prowded that
zg <ap < xOJr, wg (1) < we(t) < wg (t) and wy (k) <wq(k) <wy (k).

The errors dynamics et (¢) := o+ (t) — x(t) and e~ (t) := z(t) — x (t) are then described by

e (t) = (A= Le(t)Ce)e®(t) + (Ee — Le(t)Fe)d2 (1)

() = (J— LaCa)e*(ty) + (Ea — LaFa)%(k) @

where o € {—, +}, 62 (t) := wd (t) — we(t) € R>0, 0c () = we(t) —we (¥) € R>0,
81 (k) = wy (k) — wa(k) € RZY and 67 (k) := wa(k) — wy (k) € RYY,

m Note that both errors have exactly the same dynamics — unnecessary here to consider
different observer gains.
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nterval observation problem - Minimum dwell-time

® In the minimum dwell-time case, the time-varying gain L. is defined as follows

Le(r) ifte(0,T]

Le(tr +7) = { Lo(T) ifte(T,Ty)

where L : [0, T] — R™% is a function to be determined.

m This structure is chosen to facilitate the derivation of convex design conditions.
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I Interval observation problem - Minimum dwell-time I

® In the minimum dwell-time case, the time-varying gain L. is defined as follows

_f Le(r) ifte(0,T)
Le(tr +7) = { Lo(T) ifte(T,Ty) ©

where L : [0, T] — R™% is a function to be determined.
m This structure is chosen to facilitate the derivation of convex design conditions.

m The observation problem is defined as follows:

Problem

Find an interval observer of the form (6) (i.e. a matrix-valued function L.(-) of the form
(8) and a matrix Ly € R™*9d) such that the error dynamics (7) is
(a) state-positive, that is

m A— L.(7)C, is Metzler for all 7 € [0,T],

m E. — L.(7)F. is nonnegative for all = € [0, T],

m J— L4Cy4 and E4 — LqFy4 are nonnegative; and

(b) asymptotically stable under minimum dwell-time T when w. = 0 and wq = 0.
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Theorem (Minimum dwell-time)

Assume that there exist a differentiable matrix-valued function X : [0, T] — D7,
X(T) = 0, a matrix-valued function U, : [0, T] — R"*4¢, a matrix Uy € R"*% and
scalars €, > 0 such that the conditions

X(1)A—=Uc(7)Ce+ adp >0 (9a)
X(T)J —UgCq >0 (9b)
X(1)Ee —Uc(T)Fe >0 (9¢)
X(T)Eq —UgF; >0 (9d)
and
17 [X(T)A - Ue(T)Ce +e1n] <0 (10a)
17 [—X(T) + X(1)A — Ue(1)Ce ] 0 (10b)
17 [X(T)J — UsCq — X(0) +e1] <0 (10c)

hold for all € [0, T]. Then, there exists an interval observer of the form (6)-(8) that
solves the interval observation problem and suitable observer gains are given by

Le(r) = X(7)7'Us(r) and L4 = X(T) 'Uy,. (11)
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IA I

n impulsive system

m Let us consider here the example from [Bril3] to which we add disturbances as also done
in [DER16]. The matrices of the system are given by

. -1 0 0.1
s = |31 Oe0+ o] wer
2 1 0.3
o)) = |7 3] e+ [05] watt (12)
ye(t) = |0 1] z(t) + 0.03wc(t)
ya(k) = [0 1]x(tk) +0.03wq(k)
m We consider w¢(t) = sin(t), w™(t) = —1, wt(t) = 1, wy(k) is a stationary random
process that follows the uniform distribution ¢/(—0.5,0.5), w; = —0.5 and w; = 0.5.

m We choose a desired minimum dwell-time of T' = 0.7 and solve the conditions of the
theorem with polynomials of degree 4 (SOS method)

m The semidefinite program has 242 primal variables, 76 dual variables and it takes 2.18
seconds to solve on an i7-2620M with 8GB of RAM.
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I Switched system I

m Let us consider here the switched system

ity = VE() + Eqyw(t)
9(t) = U(t () + Fopyw(t)
V\~/here 0:Rxp—= {1

(13)

N1} is the switching signal, Z € R™ is the state of the system
W € RP is the exogenous input and § € RP is the measured output
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I Switched system I

m Let us consider here the switched system

B0) = Agat) + Boyu() 13)
() = U(t Z(t) + Fypyw(t)
where o : R>g — {1,..., N} is the switching signal, Z € R™ is the state of the system,

W € RP is the exogenous input and § € RP is the measured output.

m This system can be rewritten into the following impulsive system with multiple jump maps

i(t) = diagll (Aa(t) + collLy (Byw(t)
y(t) = diagl,(Ci)z (t)+coll 1(Fow(t) (14)
a(tf) = Jya(t), i,5=1,...,N, i#j

where J;; := (b;b] ) @ I, and {b1,...,bn} is the standard basis for RY.
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_S .

witched system

m Let us consider here the switched system

B0) = Agat) + Boyu() 13)
() = U(t Z(t) + Fypyw(t)
where o : R>g — {1,..., N} is the switching signal, Z € R™ is the state of the system,

W € RP is the exogenous input and § € RP is the measured output.

m This system can be rewritten into the following impulsive system with multiple jump maps

#(t) = diag; 71(A )z (t) + col? (B;)w(t)
y(t) = diagil, (Ci)a(t) + 0011 L (Fw(t) (14)
m(tz) = szx(tk) 7 ] = 1 N 7 75 ]

where J;; := (b;b] ) @ I, and {b1,...,bn} is the standard basis for RY.

m Because of the partlcular structure of the system, we can define an interval observer with
the gains L.(t) = diaglY_, (Li(t)) and L” = (b; bT) ® L””J The error dynamics is then
given in this case by

e*(t) = diag]l(A; — LL(t)Ci)e® (t) + collLy (Ey — Li(t)F3)6° (1)

e (tf) = [(bibJT)®In—LdJC])] '(tk)—[(bzb}")@)(L;]F)]é'(tk). (15)
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Conclusion

m Simple conditions for the design of interval observers
m Infinite dimensional LP conditions solved using SOS programming (so SDP in the end)

m The results can be improved by considering more complex observers, change of variables,
sign decomposition, etc.

m Extensions to account for performance (e.g. L1 performance) are possible
m Other dwell-time constraints s.t. maximum DT, average DT, etc.

m Unclear whether accurate results can also be obtained for constant observer gains but this
is possible using certain polynomial approaches

m Use of interval observers for stabilization
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Thank you for your attention
Any questions?
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I Computational aspects I

Proposition

Letd € N, e > 0 and € > 0 be given and assume that there exist polynomials x; : R — R,
i=1,...,n, Us: R R™" % T'1 : R~ R®"*™ Ty : R — R"X9 and v1,72 : R — R™ of
degree 2d, a matrix Uy € R"* 94 and a scalar o > 0 such that

(a) Ti(7), vi(7), i = 1,2 are componentwise-SOS (CSOS),

(b) X(0) — eI, >0 (oris CSOS),

(c) X(1)A —Uc(7)Ce + alp, —T'1(7)f(1) is CSOS,

(d) X(0)J —UyCyq >0 (oris CSOS),

(e) X(1)Ec —Uc(r)F. —Ta(7)f(7) is CSOS,

(f) X(0)E4q —UgF4 > 0 (oris CSOS),

(g) =1L [X(T)A — Uc(T)Ce + 1] is CSOS

(h) —17 [-X(T) + X(1)A - UC(T)CC] — f(m)m ()T is CSOS,

(i) —1Z [X(T)J — UgCq — X(0) + 1] is CSOS,

where X (7) := diagj— (xi(7)), f(7) :=7(T — 7).
Then, the conditions of statement of the theorem hold with the same X (), Uc(7), Uy, «

and €.
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