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Motivation

Impulsive systems are an important class of hybrid systems that can be used to represent
switched and sampled-data systems [GST12]

Linear positive impulsive systems have received less attention but some results exist
[ZWXG14, Bri17]

A particularity is that linear copositive Lyapunov functions V (x) = λT x, λ > 0 can be
used to analyze them

These results pave the way for the design of interval observers for impulsive systems
[DER16]

Interval observers are observers aiming to estimate upper and lower bounds on the state
of a given system [GRH00]

This talk is devoted to the design of such observers for linear impulsive systems and
switched systems
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Linear impulsive systems

We consider here systems of the form

ẋ(tk + τ) = A(τ)x(tk + τ) + Ec(τ)wc(tk + τ), τ ∈ (0, Tk]

x(t+k ) = Jx(tk) + Edwd(k), k ∈ N
x(t0) = x0, t0 = 0

(1)

where

x(t+k ) := lims↓tk x(s), k ∈ N
Timer variable τ measures the time elapsed since the last impulse/jump

The sequence of impulse times {tk}k∈N is assumed to satisfy a minimum dwell-time
constraint; i.e. Tk := tk+1 − tk ≥ T̄ for all k ∈ N0

Proposition

The following statements are equivalent:

(a) The system (1) is state positive, i.e. for any x0 ≥ 0, wc(t) ≥ 0 and wd(k) ≥ 0, we
have that x(t) ≥ 0 for all t ≥ 0.

(b) The matrix-valued function A(τ) is Metzler for all τ ≥ 0, the matrix-valued function
Ec(τ) is nonnegative for all τ ≥ 0 and the matrices J,Ed are nonnegative.
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Stability under minimum dwell-time T̄

Theorem ([Bri17])

Let us consider the system (1) with wc ≡ 0, wd ≡ 0, A(τ) = A(T̄ ) for all τ ≥ T̄ > 0,
where T̄ > 0 is given, and assume that it is state positive. Then, the following statements
are equivalent:

(a) There exists a vector λ ∈ Rn>0 such that

λTA(T̄ ) < 0 and λT
(
Φ(T̄ )J − In

)
< 0 (2)

hold where
Φ̇(s) = A(s)Φ(s), Φ(0) = In, s ∈ [0, T̄ ]. (3)

(b) There exist a differentiable vector-valued ζ : [0, T̄ ] 7→ Rn, ζ(T̄ ) > 0, and a scalar ε > 0
such that the conditions

ζ(T̄ )TA(T̄ ) < 0

−ζ̇(τ)T + ζ(τ)TA(τ) ≤ 0
ζ(T̄ )T J − ζ(0)T + ε1T ≤ 0

(4)

hold for all τ ∈ [0, T̄ ].

Moreover, when one of the above statements holds, then the positive impulsive system (1)
is asymptotically stable under minimum dwell-time T̄ .
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The system

We consider here systems of the form

ẋ(t) = Ax(t) + Ecwc(t), t /∈ {tk}k∈N
x(t+k ) = Jx(tk) + Edwd(k), k ∈ N
yc(t) = Ccx(t) + Fcwc(t), t /∈ {tk}k∈N
yd(k) = Cdx(tk) + Fdwd(k), k ∈ N
x(t0) = x0, t0 = 0

(5)

where

x, x0 ∈ Rn, wc ∈ Rpc , wd ∈ Rpd , yc ∈ Rqc and yd ∈ Rqd are the state of the system, the
initial condition, the continuous-time exogenous input, the discrete-time exogenous input,
the continuous-time measured output and the discrete-time measured output, respectively.

The sequence of impulse instants {tk}k∈N is assumed to satisfy the same properties as for
the system (1).

The input signals are all assumed to be bounded functions and that some bounds are
known; i.e. we have w−c (t) ≤ wc(t) ≤ w+

c (t) and w−d (k) ≤ wd(k) ≤ w+
d (k) for all t ≥ 0

and k ≥ 0 and for some known w−c (t), w+
c (t), w−d (k), w+

d (k).
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The interval observer

We consider the following simple interval observer

ẋ•(t) = Ax•(t) + Ecw•c (t) + Lc(t)(yc(t)− Ccx•(t)− Fcw•c (t))

x•(t+k ) = Jx•(tk) + Edw
•
d(t) + Ld(yd(k)− Cdx•(tk)− Fdw•d(t))

x•(t0) = x•0, t0 = 0
(6)

where • ∈ {−,+}
The observer with the superscript “+”/“−” is meant to estimate an
upper-bound/lower-bound; i.e. x−(t) ≤ x(t) ≤ x+(t) for all t ≥ 0 provided that
x−0 ≤ x0 ≤ x

+
0 , w−c (t) ≤ wc(t) ≤ w+

c (t) and w−d (k) ≤ wd(k) ≤ w+
d (k).

The errors dynamics e+(t) := x+(t)−x(t) and e−(t) := x(t)−x−(t) are then described by

ė•(t) = (A− Lc(t)Cc)e•(t) + (Ec − Lc(t)Fc)δ•c (t)

e•(t+k ) = (J − LdCd)e•(tk) + (Ed − LdFd)δ•d(k)
(7)

where • ∈ {−,+}, δ+c (t) := w+
c (t)− wc(t) ∈ Rpc≥0, δ−c (t) := wc(t)− w−c (t) ∈ Rpc≥0,

δ+d (k) := w+
d (k)− wd(k) ∈ Rpd≥0 and δ−d (k) := wd(k)− w−d (k) ∈ Rpd≥0.

Note that both errors have exactly the same dynamics → unnecessary here to consider
different observer gains.
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Interval observation problem - Minimum dwell-time

In the minimum dwell-time case, the time-varying gain Lc is defined as follows

Lc(tk + τ) =

{
L̃c(τ) if t ∈ (0, T̄ ]

L̃c(T̄ ) if t ∈ (T̄ , Tk]
(8)

where L̃c : [0, T̄ ] 7→ Rn×qc is a function to be determined.

This structure is chosen to facilitate the derivation of convex design conditions.

The observation problem is defined as follows:

Problem
Find an interval observer of the form (6) (i.e. a matrix-valued function Lc(·) of the form
(8) and a matrix Ld ∈ Rn×qd ) such that the error dynamics (7) is

(a) state-positive, that is
A− Lc(τ)Cc is Metzler for all τ ∈ [0, T̄ ],
Ec − Lc(τ)Fc is nonnegative for all τ ∈ [0, T̄ ],
J − LdCd and Ed − LdFd are nonnegative; and

(b) asymptotically stable under minimum dwell-time T̄ when wc ≡ 0 and wd ≡ 0.
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Theorem (Minimum dwell-time)

Assume that there exist a differentiable matrix-valued function X : [0, T̄ ] 7→ Dn,
X(T̄ ) � 0, a matrix-valued function Uc : [0, T̄ ] 7→ Rn×qc , a matrix Ud ∈ Rn×qd and
scalars ε, α > 0 such that the conditions

X(τ)A− Uc(τ)Cc + αIn ≥ 0 (9a)

X(T̄ )J − UdCd ≥ 0 (9b)

X(τ)Ec − Uc(τ)Fc ≥ 0 (9c)

X(T̄ )Ed − UdFd ≥ 0 (9d)

and

1Tn
[
X(T̄ )A− Uc(T̄ )Cc + ε In

]
≤ 0 (10a)

1Tn

[
−Ẋ(τ) +X(τ)A− Uc(τ)Cc

]
≤ 0 (10b)

1Tn
[
X(T̄ )J − UdCd −X(0) + ε I

]
≤ 0 (10c)

hold for all τ ∈ [0, T̄ ]. Then, there exists an interval observer of the form (6)-(8) that
solves the interval observation problem and suitable observer gains are given by

L̃c(τ) = X(τ)−1Uc(τ) and Ld = X(T̄ )−1Ud. (11)
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An impulsive system

Let us consider here the example from [Bri13] to which we add disturbances as also done
in [DER16]. The matrices of the system are given by

ẋ(t) =

[
−1 0
1 −2

]
x(t) +

[
0.1
0.1

]
wc(t)

x(t+k ) =

[
2 1
1 3

]
x(tk) +

[
0.3
0.3

]
wd(k)

yc(t) =
[
0 1

]
x(t) + 0.03wc(t)

yd(k) =
[
0 1

]
x(tk) + 0.03wd(k)

(12)

We consider wc(t) = sin(t), w−(t) = −1, w+(t) = 1, wd(k) is a stationary random
process that follows the uniform distribution U(−0.5, 0.5), w−d = −0.5 and w+

d = 0.5.

We choose a desired minimum dwell-time of T̄ = 0.7 and solve the conditions of the
theorem with polynomials of degree 4 (SOS method)

The semidefinite program has 242 primal variables, 76 dual variables and it takes 2.18
seconds to solve on an i7-2620M with 8GB of RAM.
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Simulation results
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C. Briat, D-BSSE@ETH-Zürich 2017 IFAC World Congress, Toulouse 15 / 21



Switched system

Let us consider here the switched system

˙̃x(t) = Ãσ(t)x̃(t) + Ẽσ(t)w(t)

ỹ(t) = C̃σ(t)x̃(t) + F̃σ(t)w(t)
(13)

where σ : R≥0 7→ {1, . . . , N} is the switching signal, x̃ ∈ Rn is the state of the system,
w̃ ∈ Rp is the exogenous input and ỹ ∈ Rp is the measured output.

This system can be rewritten into the following impulsive system with multiple jump maps

ẋ(t) = diagNi=1(Ãi)x(t) + colNi=1(Ẽi)w(t)

y(t) = diagNi=1(C̃i)x(t) + colNi=1(F̃i)w(t)

x(t+k ) = Jijx(tk), i, j = 1, . . . , N, i 6= j

(14)

where Jij := (bib
T
j )⊗ In and {b1, . . . , bN} is the standard basis for RN .

Because of the particular structure of the system, we can define an interval observer with
the gains Lc(t) = diagNi=1(Lic(t)) and Lijd = (bib

T
j )⊗ L̃ijd . The error dynamics is then

given in this case by

ė•(t) = diagNi=1(Ãi − Lic(t)C̃i)e•(t) + colNi=1(Ẽi − Lic(t)F̃i)δ•(t)
e•(t+k ) =

[
(bib

T
j )⊗ In − L̃ijd C̃j)

]
e•(tk)−

[
(bib

T
j )⊗ (L̃ijd F̃j)

]
δ•(tk).

(15)
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Conclusion

Simple conditions for the design of interval observers

Infinite dimensional LP conditions solved using SOS programming (so SDP in the end)

The results can be improved by considering more complex observers, change of variables,
sign decomposition, etc.

Extensions to account for performance (e.g. L1 performance) are possible

Other dwell-time constraints s.t. maximum DT, average DT, etc.

Unclear whether accurate results can also be obtained for constant observer gains but this
is possible using certain polynomial approaches

Use of interval observers for stabilization
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Thank you for your attention

Any questions?
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Computational aspects

Proposition

Let d ∈ N, ε > 0 and ε > 0 be given and assume that there exist polynomials χi : R 7→ R,
i = 1, . . . , n, Uc : R 7→ Rn×qc , Γ1 : R 7→ Rn×n, Γ2 : R 7→ Rn×qc and γ1, γ2 : R 7→ Rn of
degree 2d, a matrix Ud ∈ Rn×qd and a scalar α ≥ 0 such that

(a) Γi(τ), γi(τ), i = 1, 2 are componentwise-SOS (CSOS),

(b) X(0)− εIn ≥ 0 (or is CSOS),

(c) X(τ)A− Uc(τ)Cc + αIn − Γ1(τ)f(τ) is CSOS,

(d) X(0)J − UdCd ≥ 0 (or is CSOS),

(e) X(τ)Ec − Uc(τ)Fc − Γ2(τ)f(τ) is CSOS,

(f) X(0)Ed − UdFd ≥ 0 (or is CSOS),

(g) −1Tn
[
X(T̄ )A− Uc(T̄ )Cc + ε In

]
is CSOS

(h) −1Tn
[
−Ẋ(τ) +X(τ)A− Uc(τ)Cc

]
− f(τ)γ1(τ)T is CSOS,

(i) −1Tn
[
X(T̄ )J − UdCd −X(0) + ε I

]
is CSOS,

where X(τ) := diagni=1(χi(τ)), f(τ) := τ(T̄ − τ).
Then, the conditions of statement of the theorem hold with the same X(τ), Uc(τ), Ud, α
and ε.

C. Briat, D-BSSE@ETH-Zürich 2017 IFAC World Congress, Toulouse 20 / 21



References

C. Briat.

Convex conditions for robust stability analysis and stabilization of linear aperiodic impulsive and sampled-data
systems under dwell-time constraints.

Automatica, 49(11):3449–3457, 2013.

C. Briat.

Dwell-time stability and stabilization conditions for linear positive impulsive and switched systems.

Nonlinear Analysis: Hybrid Systems, 24:198–226, 2017.

K. H. Degue, D. Efimov, and J.-P. Richard.

Interval observers for linear impulsive systems.

In 10th IFAC Symposium on Nonlinear Control Systems, 2016.

J. L. Gouzé, A. Rapaport, and M. Z. Hadj-Sadok.

Interval observers for uncertain biological systems.

Ecological modelling, 133:45–56, 2000.

R. Goebel, R. G. Sanfelice, and A. R. Teel.

Hybrid Dynamical Systems. Modeling, Stability, and Robustness.

Princeton University Press, 2012.

J.-S. Zhang, Y.-W. Wang, J.-W. Xiao, and Z.-H. Guan.

Stability analysis of impulsive positive systems.

In 19th IFAC World Congress, pages 5987–5991, Cape Town, South Africa, 2014.
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