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IS I

tochastic reaction networks

A stochastic reaction network consists of. . .

m A set of d distinct species X = {X1,...,Xq} — state
m A set of K reactions R = {R1,..., Rk} involving the species in X — dynamics

m Stoichiometric vector (g; i.e. if Ry, fires, then z — x + (g
m Propensity function A\g(z); i.e. the "strength” of the reaction Ry
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m Stoichiometric vector (g; i.e. if Ry, fires, then z — x + (g
m Propensity function A\g(z); i.e. the "strength” of the reaction Ry

Examples

m (Bio)chemistry: X = {distinct molecular species} and R = {reaction rules}
m Ecology:

m X = {animal/vegetal species and resources}
m R = {predation and reproduction rules}

m Epidemiology:

m X = {illness state of individuals}
m R = {disease propagation and recovery rules}
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IA I

ntithetic integral feedback

Open-loop network

m A reaction network (X, R)
m X is the actuated species

m Y = Xy is the controlled species
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IA I

ntithetic integral feedback

Open-loop network

m A reaction network (X, R)
m X is the actuated species

m Y = Xy is the controlled species

Control objective (roughly)

Find a set of additional species Z and additional reactions R¢ that acts on the actuated
species X1 in a way that the mean value of the controlled species Y robustly tracks a
desired set-point 1/0 and ensures perfect adaptation for the controlled species at the
mean level.
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m A reaction network (X, R)
m X is the actuated species

m Y = Xy is the controlled species

Control objective (roughly)

Find a set of additional species Z and additional reactions R¢ that acts on the actuated
species X1 in a way that the mean value of the controlled species Y robustly tracks a
desired set-point 1/0 and ensures perfect adaptation for the controlled species at the
mean level.

Antithetic integral controller [Briat, Gupta & Khammash]

R{ y ' vz, (Measurement reaction)
RS o —F— z; (Reference reaction)
RS Z1 . Z1 + X1 (Actuation reaction)
RS : Zi+ 22 - [0} (Comparison reaction)

where 6, i, m, k > 0 are the controller parameters.
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IU I

nimolecular case

Propensities

In the unimolecular case (no 0-th order reactions), we can write
@) = W(p)o

where W (p) € ]Rg(;(d and p € ]RZ% is the positive vector of reaction rates
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nimolecular case

Propensities

In the unimolecular case (no 0-th order reactions), we can write

where W (p) € ]Rg(;(d and p € ]RT;% is the positive vector of reaction rates

Characteristic matrix

The characteristic matrix A(p) of a unimolecular reaction network (X, R) is defined as

A(p) == SW (p).

First-order moments dynamics

EEOL — a@Epx @) + et
W) = TEX()]

where e; is a vector with entry ¢ equal to 1 and 0 everywhere else.

C. Briat & M. Khammash, D-BSSE@ETH-Ziirich 55th IEEE Conf. on Decision and Control Las Vegas, USA 6/ 15



IM I

ain result

Theorem (Briat, Gupta & Khammash)
Assume that the state-space of the closed-loop reaction network is irreducible and that

the vector of reaction rates p is fixed and equal to pg. Assume further that there exist
vectors v € R‘io, w E ]Rgo, w1 > 0, such that

v A(po) <0 and wT A(po) + el = 0.
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vectors v € R‘io, w E ]Rgo, w1 > 0, such that
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Then, for any values for the controller rate parameters n, k, ;1,6 > 0, the mean of the
controlled species satisfies E[X,(t)] — p/0 as t — oco.
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IM I

ain result

Theorem (Briat, Gupta & Khammash)

Assume that the state-space of the closed-loop reaction network is irreducible and that

the vector of reaction rates p is fixed and equal to pg. Assume further that there exist

vectors v € R‘io, w E R‘io, wi > 0, such that

v A(po) <0 and wT A(po) + el = 0.

Then, for any values for the controller rate parameters n, k, u,0 > 0, the mean of the
controlled species satisfies E[X,(t)] — p/0 as t — oco.

Remarks

m States conditions on the open-loop network regarding closed-loop dynamics
Equivalent to the stability of A(po) and the output controllability of (A(po), e1,el’)

m Linear programming conditions

m Independent of the controller parameters k,n, u,0 > 0

m Can be extended to include Oth order reactions — conditions on w, 6
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IA I

ntithetic control of gene expression
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Interval matrices

m We assume now that p € P where P is the compact set containing all the possible values
for the rate parameters.
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m Since P is compact, then there exist matrices A~ < A7 such that
AT < A(p) < At

holds for all p € P C Ré{O. Inequalities are componentwise here.
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m We assume now that p € P where P is the compact set containing all the possible values
for the rate parameters.

m The set of all the matrices A(p) is given by

Aezact = {A(P) ipE 7)}

m Since P is compact, then there exist matrices A~ < A7 such that
AT < A(p) < At

holds for all p € P C Ré{O. Inequalities are componentwise here.

m We then define
A= {M ERdXd AT <M< A+} D Aezact

m May be conservative because we may lose the true parameter dependence

m Still it is useful because it is simple
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I Robust stability and robust output controllability I

Proposition (Berman & Plemmons)

The following statements are equivalent:

(a) All the matrices in A are Hurwitz stable;

(b) The matrix At is Hurwitz stable.

(c) There exists a vector vy € RS such that vIA"' <0.
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obust stability and robust output controllability

Proposition (Berman & Plemmons)

The following statements are equivalent:
(a) All the matrices in A are Hurwitz stable;

(b) The matrix At is Hurwitz stable.

(c) There exists a vector vy € RS such that vIA*’ <0.

Proposition

The following statements are equivalent:

(a) Forall A€ A, the system (A, e, e{) is output controllable.

(b) The system (A~ ,e1,el’) is output controllable.

If, moreover, At is Hurwitz stable, then the above statement are also equivalent to

(c) There exists a vector w— € R‘io such that wLe; > 0 and wT A~ + e}“ =0.
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I Main result I

Theorem
Let us consider a unimolecular reaction network (X, R) with characteristic matrix A in A.
Assume also that the state-space of the closed-loop reaction network is irreducible. Then,

the following statements are equivalent:
4., we R‘io such that vT A < 0, wTe; > 0 and

(a) Forall A € A, there exist v € RE g,
wl A+ eg =0.
(b) There exist two vectors vy € R‘io, w_ € R‘éo such that vIA'*' <0, wre; >0 and
wl A= + e? =0.
Moreover, when one of the above statements holds, then for any values for the controller
rate parameters 1, k, u, 0 > 0 and any network with characteristic matrix in A, the mean

of the controlled species satisfies E[X,(t)] — /6 as t — co.

m LP with same complexity as in the nominal case

C. Briat & M. Khammash, D-BSSEQETH-Ziirich ~ 55th IEEE Conf. on Decision and Control  Las Vegas, USA 11 /15



Contents

Example

C. Briat & M. Khammash, D-BSSE@ETH-Ziirich ~ 55th IEEE Conf. on Decision and Control  Las Vegas, USA 11 /15



IO I

pen-loop network

Table: Modified stochastic switch of Gardner, Cantor and Collins

[ [ Reaction | Propensity ]
Ri|0—— X1 | a1 +kaiXo+61
Ra | X1 —— 0 71 X1
Rz | 0 —— Xa | az+ B2/(1+X1)
Ra Xo —— 0 Y2 X2

m We also assume that a1, ag,y1,v2 > 0, which implies that the state-space of the
open-loop network is irreducible.

m The other parameters are nonnegative.

m Our goal is to control the mean population of X2 by actuating X7.
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_A .

nalysis

m Assume that 41 € [1,2], 2 € [3,4], k12 € [k]y,2] and k21 = [0, k5], where 0 < k7, < 2
and k21 > 0.

m Hence, we have

-2 0 _ -1 ki

= <A< At = 211,
b Y -asasar-fy ,3]
m A Hurwitz stable if and only if AT is Hurwitz stable; equivalently, k3; < 2/3.

m (A, e1,el) output controllable if and only if (A, e1,el); equalently, ki, >0

m Alternatively, we can check the LP conditions
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Concluding statements

Results

Extensions of the conditions to uncertain systems
m Robust analysis (interval matrices) — Linear Program
m Structural analysis (sign-matrices) — Linear Program

m The conditions remain easily solvable

Issues

m The use of interval matrices can be conservative when entries are not independent
m Same problem with sign-matrices
[

Results are only valid for unimolecular networks

Some of these issues are solved in our submitted IFAC World Congress paper
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Thank you for your attention
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