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Positive systems analysis

@ Quadratic forms are widely used for systems analysis: Lyapunov inequality,
Kalman-Yakubovich-Popov Lemma, integral quadratic constraints etc.

@ Analysis can be simplified if systems are known to be positive

@ Lyapunov inequality:
» 3P - OsuchthatATP+ PA <0
> 3z > 0 (element-wise) such that Az < 0

@ Kalman-Yakubovich-Popov Lemma:
. —1 * . —1
. [(;wl —IA) B} 0 [(]wl —IA) B} 20 Vw e [0,00]
> dx,u,p > 0 such that

X AT
Ax+Bu<0 and Q " + BT p<O0

@ The theory of integral linear constraints (ILCs)?
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Outline
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Positive closed-loop systems

Positive systems

A system G is said to be positive if

u(t) >0vt >0 = y(t) = (Gu)(t) >0Vt >0

uy fen Y dy
dy Y2 a Uz
2

Given a positive feedback interconnection of two positive systems G, and G, is the
closed-loop map (di, d») — (u1,y1,u2,y>) always positive?
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Positive closed-loop systems

Positive systems

A system G is said to be positive if

u(t) >0vt >0 = y(t) = (Gu)(t) >0Vt >0

uy fen Y dy
dy Y2 a Uz
2

Given a positive feedback interconnection of two positive systems G, and G, is the
closed-loop map (di, d») — (u1,y1,u2,y>) always positive?

No!
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Positive systems

Positive closed-loop systems

A simple counterexample:

i)

dy =0

dy Y2
—
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Positive closed-loop systems

Feedback interconnections

u Yy do
G
dy Y2 U
Go

G](S) = Ci (sl —A1)_lBl + Dy
Ga(s) = Co(sI — A2) "By + Ds

@ A, and A, are Metzlerand B; > 0,B, >0,C; >0,C, >0,D; >0,and D, >0
(element-wise) implies G, and G, are positive

Positivity of closed-loop map [Ebihara et. al. 2011]
If p(D1D,) < 1, then (di,d>) — (u1,y1,u2,y2) is positive J
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Positive closed-loop systems

Feedback interconnections

U Yy do
G
dy Y2 U
Go

Suppose (nonlinear) G; : Li. — L. are causal and positive, define

a(G;) :=sup inf sup Pr+ar(Gix — Gv)ll:

r>08T>0 ey o p |[[Proar(x —y)[li
Pry AT (x—y)#0

Positivity of closed-loop map
If (X(Gl)a(Gz) <1, then (d],dz) = (ul,yl,uz,yz) is positive

Khong, Briat, Rantzer (UMN, ETH, Lund) Integral linear constraints

CDC 12/18/2015

7/16



Outline

© Robust stability

Khong, Briat, Rantzer (UMN, ETH, Lund)

Integral linear constraints



Robust stability

Robust stability of feedback systems

Gy — ™

d Y2
ay G2

Integral quadratic constraints (IQCs) [Megretski & Rantzer 97]

Given bounded, causal G; : Ly, — L;. and G, : Ly, — Lo, suppose there exists linear
I1:L, — L> such that
@ [7Gi, G,| is well-posed for all 7 € [0, 1];

o [ v(T(I)(1)di >0 WveF(rG) —{[;‘] ELZ:y:TGlu},TE[(),l];

° [Zw w)(t)dt < —e [ |w(n)[Pdt Yw € 4'(Ga),
then [G],Gz] is stable
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Robust stability

Integral quadratic constraint (IQC) examples

Structure of G, I Condition
G, is passive {(I) é}
jw)l 0 .
IGi]l <1 [x(’g“) ) 1] *(jw) > 0
X(jw) Y (jw) - s
G €[-1,1] {Y(iw)* X(jw) X=X">0,Y=-Y
Gi(1) € [-1,1] [;‘T _YX} X=X">0Y=_1*

Gi(s) =e " —1,
for 6 € [0, 6o]

(wlp@? 0 _ .
[ —x(jw)} plw) =2 ‘21‘1;1)0(0 sin(fw/2)

=]
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Robust stability

Robust stability of positive feedback systems

A

uy dy

Integral linear constraints

Given bounded, causal, linear G, : LY, — L{, and G, : L, — L, suppose there exists

T € R'™™*” such that
@ [rGi, G,] is well-posed and positive for all 7 € [0, 1];

Ofo Iv(r)dt >0 Vv €4 (rG)) := {[ﬂ 6L1+:y:TG1u},TE[O,1];

@ [CTw(r)dr < —e [[7 |w(r)|dt Vw € 9L (Ga),
then [G1, G,] is stable

When G; and G, are LTI, conditions can be stated as

oIl LGII(O)] >0 and II [GZI(O)} <0
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Geometric interpretation of integral quadratic constrains

9(G1)

9'(Go)
Feedback stability

-] g(Gl) =+ g/(Gz) = L;;
° 4(G\)N¥'(G) = {0}

Khong, Briat, Rantzer (UMN, ETH, Lund)

Integral linear constraints



Geometric intuition

Geometric interpretation of integral quadratic constraints

Y(Gh)
9’ (Gq)
Integral quadratic constraints (IQCs)
° v t) Hv) 1dt>0 YveZ(G);
o [Zwm) (w)(t)dt < —e [~ w(t)dt Yw € 4'(Ga)
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Geometric interpretation of integral linear constraints

Y1(Gh)

/
Feedback stability

® 4. (G1) + 91 (G2) = Liy;
® 9.(Gi1)N¥YL(G:) = {0}
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Geometric interpretation of integral linear constraints

7.(G1)

/

+ (G2)
Integral linear constraints

o [CIlv(t)dt >0 Vve 9 (G);

o [CIw(r)dr < —e [;7 |w(t)|dt VYw € 9L (G)
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LTI systems

Gi(s) = Ci(sI —A)"'Bi + D,
GQ(S) = C2(SI —Az)_le + Ds

@ A, and A, are Metzler, Hurwitzand B, > 0,B, > 0, C; > 0,C, > 0, D; > 0, and
D, >0

Robust stability [Ebihara et. al. 2011] [Tanaka et. al. 2013]
If p(G1(0)G2(0)) < 1, then [G, G1] is stable J

Can be recovered with integral linear constraint theorem with

M=z [61(0) ~1],

where 77 (G1(0)G2(0) — ) < 0
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Conclusions:

@ Sufficient condition for positivity to be preserved under feedback

@ Developed integral linear constraints theory for analysis of feedback
interconnections with positive closed-loop mappings

@ Many extensions possible:
» Positive coprime factorisations
> Integral linear constraints with time-varying multipliers

» LMI conditions for verifying integral linear constraints

» Stabilisation of open-loop unstable dynamics?
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